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In this paper a microscopic theory of spin fluctuations in an ensemble of electrons localized on
donors in a bulk semiconductor has been developed. Both the hyperfine interaction of the electron
spin with spins of lattice nuclei and the exchange interaction between the electrons have been taken
into account. We propose a model of clusters to calculate spin noise spectra of the ensemble of
localized charge carriers. It has been shown that the electron-electron exchange interaction leads
to an effective averaging of random nuclear fields and a shift of the peak in the spin-fluctuation
spectrum towards lower frequencies.
I. INTRODUCTION
The rapid development of semiconductor spintronics
and search for systems with very long spin relaxation
times has led to the development of experimental tech-
niques for spin dynamics studies. One of the most
promising methods of this type is the spin noise spec-
troscopy, proposed by Aleksandrov and Zapasskii more
than thirty years ago for investigation of magnetic reso-
nances in atomic gases [1] (see also [2]), and developed
in the last years to study dynamics of spins in bulk semi-
conductors, quantum wells and quantum dots [3–9], see
also reviews [10, 11]. Along with this, the spin noise of
the nuclei [12] and fluctuations of spin current [13, 14]
are investigated experimentally and theoretically.
The spin noise spectroscopy is based on the trans-
mission of a linearly-polarized probe beam through the
sample and measurement of the fluctuations of the Fara-
day or Kerr rotation angle as well as of the ellipticity.
These fluctuations are characterized by correlation func-
tions which are related to the autocorrelation function of
the total-spin components 〈Sz(t)Sz(t′)〉, where z is the
propagation direction of the probe beam. The Fourier
transform of spin correlator characterizes the intensity
of spin fluctuations, it contains information about the
distribution of spin precession frequencies and spin re-
laxation and/or dephasing times.
The theory of spin fluctuations in ensembles of elec-
trons and holes localized in quantum dots has been de-
veloped in Ref. [15]. In particular, it is shown that the
spin noise spectrum reveals peculiar properties of the dis-
tribution of random nuclear fields which play a major role
in the dephasing of the localized charge carrier spins. An-
other promising system for the spin noise investigation is
an ensemble of donors or acceptors in bulk semiconduc-
tors [16]. At low temperatures and moderate impurity
densities, electrons and holes are localized and their spins
effectively interact with spins of the lattice nuclei. These
are those systems where extremely long electron spin re-
laxation times can be achieved [17–19]. However, in bulk
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doped semiconductors the exchange interaction between
localized electrons can play an important role [19, 20].
The goal of this work is to investigate theoretically the
manifestations of the exchange interaction between elec-
trons in the spin fluctuations spectra.
II. MODEL
We consider an ensemble of electrons localized on
donors in a GaAs-type bulk semiconductor and take into
account the hyperfine interaction of electron spin with
surrounding nuclear spins as well as the exchange inter-
action between localized electrons. The Hamiltonian of
the system can be presented as follows
Hˆ = ~
∑
i
Ωisˆi +
∑
i6=k
Jiksˆisˆk. (1)
Here the subscripts i, k enumerate donors, sˆi is
the electron spin operator with the components
σ
(i)
x /2, σ
(i)
y /2, σ
(i)
z /2, where σ
(i)
α (α = x, y, z) are the Pauli
matrices acting on the spin variables of the i-th elec-
tron (more precisely, of the electron localized on the i-th
donor), Ωi is the electron spin precession frequency in
the field of nuclear fluctuation, Jik = Jki is the constant
of exchange interaction between i-th and k-th electrons.
The latter exponentially depends on the distance between
donors Rik [21, 22]:
Jik = 0.82R
(
Rik
aB
)5/2
exp
(
−2Rik
aB
)
. (2)
Here R and aB are the electron Rydberg and the Bohr
radius, respectively (in GaAs R ≈ 4 meV, aB ≈ 120 A˚),
and it is assumed that Rik  aB . In equilibrium, nuclear
spin fluctuations are described by a Gaussian distribu-
tion [15, 23]
Fδe(Ω) =
1
pi3/2δ3e
exp
(
−Ω
2
δ2e
)
, (3)
where the parameter δe characterizes the fluctuation dis-
persion: 〈Ω2〉 = 3δ2e/2. A typical value of the spin preces-
sion frequency in the field of nuclear fluctuation in Gal-
lium Arsenide amounts to
√〈Ω2〉 ∼ 2×108 s−1 [16, 23] so
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2that, at the interdonor distance ∼ 0.1 µm, the electron-
electron exchange interaction is comparable with the hy-
perfine interaction. This corresponds to the donor con-
centration nd = 1014÷1015 cm−3. Note that in GaAs the
“metal-insulator” transition occurs at much higher con-
centrations of donors ∼ 2 × 1016 cm−3 [19]. Thus, in
order to describe the spin noise of electrons localized on
donors in bulk semiconductors even at rather low level of
doping, an interplay of the exchange interaction between
electrons and the hyperfine interaction of electron and
nuclear spins should be taken into account. The main
aim of this work is to analyze this interplay.
Detection of spin fluctuations is usually performed by
measuring the fluctuations of spin Faraday, Kerr and el-
lipticity signals [2, 4, 7]. Let the probe beam be focused
into a spot of the area S on the sample surface, the sam-
ple thickness be L and the carrier frequency of the probe
beam, ω0, lie slightly below the fundamental absorption
edge frequency Eg/~ (Eg is the band gap) so that the
beam propagates in the region of weak absorption. In-
stantaneous values of the Faraday or Kerr rotation as
well as the ellipticity are determined by fluctuations of
the total spin Sˆ =
∑N
i=1 sˆi of the subsystem ofN = ndLS
electrons being present in the volume illuminated by the
probe beam. In accordance with this we introduce the
correlation function 〈Sˆα(t + τ)Sˆβ(t)〉 of the total spin
components of this subsystem, where the angular brack-
ets denote averaging over time t with the fixed time dif-
ference τ [15, 24–26]. It is also convenient to introduce
the correlation function 〈sα(t + τ)sβ(t)〉 and the spec-
tral intensity (sαsβ)ω of spin fluctuations normalized per
particle, as follows
〈sα(t+ τ)sβ(t)〉 = 1
N
〈Sˆα(t+ τ)Sˆβ(t)〉, (4)
(sαsβ)ω =
∫ ∞
−∞
〈sα(t+ τ)sβ(t)〉 eiωτdτ.
Bellow we present the calculation of the above correlation
functions.
We introduce the basis states |n〉, |m〉, etc., corre-
sponding to the eigenvalues En, Em, . . . of the Hamil-
tonian (1). By using the Heisenberg representation of
the total spin operator, we obtain [27]
(sαsβ)ω =
21−Npi
N
∑
n,m
〈n|Sˆα|m〉〈m|Sˆβ |n〉∆
(
ω − En − Em
~
)
. (5)
Here the summation is carried out over all eigenstates of
the system, the broadened δ-function
∆(x) =
1
pi
τs
1 + (xτs)2
,
is introduced with τs being the spin relaxation time of
a single electron unrelated to the hyperfine or exchange
interaction, considered as a phenomenological parame-
ter of the theory and assumed to be the same for all
the electrons. While deriving Eq. (5) it is assumed that
the temperature of the system T expressed in the energy
units exceeds by far the characteristic interlevel energy
splittings |En − Em|. Hence, the averaging in Eq. (5)
is performed with the equilibrium density matrix repre-
senting the equally occupied eigenstates. This condition
is well satisfied in experiments on spin noise spectroscopy
carried out at temperatures down to that of liquid He-
lium because the characteristic splittings between the n
and m levels, due to both exchange and hyperfine inter-
actions, correspond to T ∼ 10−3 K.
III. SPIN NOISE IN THE MODEL OF
CLUSTERS
The straightforward calculation of the spin noise spec-
tra according to the general formula (5) seems impossi-
ble because, under typical experimental conditions with
the donor concentration amounting nd = 1014 cm−3, the
probing spot area S > 1000 µm2, and the thickness of
the probed layer L > 10 µm, the number of donors in
the probe volume exceeds 106. However, the exponen-
tial dependence of exchange interaction constant Jik on
the distance between the donors makes negligible the ex-
change interaction between sufficiently distant electrons.
Therefore, the exchange interaction is important only for
a group of donors located close enough to each other.
This allows one, for the calculation of spin noise spectra,
to develop an approach similar to the percolation theory
used to analyze effects of electron transport in disordered
systems [28].
The structure of spin states in the ensemble of electrons
is determined by the interplay of the exchange interaction
between charge carriers and their hyperfine interaction
with the lattice nuclei. Clearly, if the absolute values of
nuclear fields |Ωi| and |Ωk| acting on the electrons i and
k exceed the exchange interaction constant Jik, then the
exchange interaction between these electrons is inessen-
tial. Otherwise, it is the electron-electron exchange inter-
action which dominates, and the spin states of electrons
are quantized according to the total magnetic momen-
tum. In the frame of this model it is natural to decouple
the whole ensemble of localized electrons into groups or
clusters of donors. Within each cluster the exchange in-
teraction dominates over the hyperfine interaction:
Jik > A~δe, (6)
where A is a dimensionless coefficient of the order of
unity, its precise value weakly affects the final results.
Let us introduce the characteristic distance between the
donors Rc defined by J(Rc) = A~δe. Then the prob-
lem of cluster formation in the ensemble of electrons lo-
calized on donors is quite similar to that of formation
of clusters in the studies of high-frequency conductivity
3of a disordered system. In the latter case, the parame-
ter Rc depends on the frequency of electromagnetic field
and describes the displacement of an electron during the
half-period of the field oscillation [29]. Strictly speaking,
a particular cluster contains a group of donors with the
nearest neighbour distances smaller than or equal to Rc.
Let us introduce the dimensionless parameter
η =
pi
6
ndR
3
c , (7)
which shows the volume fraction of spheres of radius
Rc/2. The parameter η determines the statistics of clus-
ters in the system, i.e. the function P(N) describing the
probability to find a cluster made of N electrons. We
present the first two values of P(N) for the random dis-
tribution of donors [30]
P(1) = exp
(
−4pindR
3
c
3
)
= e−8η , (8)
P(2) = e−8η
Rc∫
0
4pindr
2dr exp
[
−pind
(
R2cr −
r3
12
)]
= 24ηe−8η
1∫
0
u2 exp
[
−6η
(
u− u
3
12
)]
du . (9)
The last integral monotonically decreases from 1/3 to
≈ 0.1 as η varies between 0 and 0.2.
Note that, for η ≈ 0.34, an infinite cluster is formed in
the system [28, 31]. This corresponds to a critical concen-
tration of donors nc ∼ 1015 cm−3. We focus on the case
of nd  nc where the vast majority of clusters are repre-
sented by single electrons and groups of a small number
of donors, N = 2, 3, 4, with strong exchange interaction
between them. Even at η = 0.1 the probability to find
a cluster composed of four electrons is less than 8%, and
the values of P(N) for N > 4 are negligibly small.
The level structure in the cluster consisting of N elec-
trons is determined primarily by the exchange inter-
action. Consequently, in the zeroth-order approxima-
tion in the hyperfine interaction, the available 2N levels
are combined into groups related to a fixed total spin
M of all electrons (for even N the total spin of elec-
trons can be 0, 1, . . . up to N/2, and for odd N it is
M = 1/2, 3/2, . . . N/2). The number of groups of states
(or multiplets) with the spin M is given by [32]
N (M) = (2M + 1)N !
(N/2 +M + 1)!(N/2−M)! . (10)
Let us introduce the electron eigenfunctions Ψl(M,m)
and eigenenergies El(M) in the cluster, where m is a
projection of the total spin of M on the z axis running
through 2M + 1 values from −M to M , the index l enu-
merates N (M) different energy levels with a given value
of the total spin M . The energy gaps between these
levels are determined by the exchange interaction con-
stants. Phases of the eigenfunctions are chosen in such
a way that the sets Ψl(M,m) with fixed l and M trans-
form under coordinate transformations in the spin space
according to the representationDM as the spherical func-
tions YMm(θ, ϕ). In this case the matrix elements of the
total spin operator SN =
∑N
i=1 si in the cluster are de-
termined by
〈Ψl(M,m′)|Sα|Ψl(M,m)〉 = JMα;m′m ,
where JMα;m′m are the standard matrices of the operators
representing components of the angular momentum M .
Since the direct product
DM ×DM =
2M∑
M ′=0
DM ′
contains only one representation D1, the matrix elements
of the i-th individual spin are proportional to the com-
ponents of matrix JMα;m′m, namely,
〈Ψl(M,m′)|si,α|Ψl(M,m)〉 = c(M,l)i JMα;m′m . (11)
Here c(M,l)i are coefficients dependent solely on the energy
level l but not on m and m′. We decompose the state
Ψl(M,m) as follows
Ψl(M,m) =
∑
m1...mi...mN
C(M,m,l)m1...mi...mNχ(m1 . . .mi . . .mN ),
(12)
where mi = ±1/2 is the spin projection of the i-th elec-
tron on the axis z, i = 1, 2 . . . N , χ(m1 . . .mi . . .mN ) is
an N -particle basis spin function of the state with a given
set of spin projections mi. Apparently, the coefficients
C
(M,m,l)
m1...mi...mN can differ from zero only if
∑
imi = m.
The coefficient c(M,l)i in Eq. (11) is expressed via the co-
efficients of the expansion Eq. (12) as
c
(M,l)
i =
∑
m1...mi−1mi+1...mN
1
2M
×
(
|C(M,m,l)m1...mi=1/2...mN |2 − |C
(M,m,l)
m1...mi=−1/2...mN |2
)
.
The values of C(M,m,l)m1...mi...mN and, hence, c
(M,l)
i depend
on the particular realization of exchange interaction con-
stants in the cluster and, in the general case, can be found
only numerically.
In the first approximation in the hyperfine interaction,
different multiplets, i.e. states with different values of M
and l, are unmixed, but within each group with given M
and l the states are split into 2M + 1 sublevels due to
interaction of spins of electrons and nuclei. The effective
Hamiltonian of hyperfine interaction can be presented as
Hˆ(M,l) = ~MˆlΩ(M,l)eff , (13)
where Ω(M,l)eff is an effective nuclear field acting on the
total spin Ml. According to Eqs. (1) and (11) it has the
form
Ω
(M,l)
eff =
∑
i
c
(M,l)
i Ωi. (14)
4The hyperfine interaction completely lifts the degeneracy
in the projection of total spin M and splits the degen-
erate level El(M) into equidistant sublevels El(M,Mz′)
with the given projections Mz′ of the total angular mo-
mentum on the axis of the effective nuclear field, and the
splitting ~Ω(M,l)eff between the neighboring sublevels. We
denote the corresponding eigenfunctions of the system by
Ψ′l(M,Mz′). It should be emphasized that the direction
of the z′ axis depends both on particular realization of
nuclear fields and the parameters M , l characterizing re-
alization of the state with a given total spin of electrons
in the cluster.
The spin noise spectrum of an ensemble of electrons in
the cluster model is a sum of contributions from different
clusters and can be written as
(sαsβ)ω =
∞∑
N=1
P(N)
∑
M
N (M)∑
l=1
Sαβ(N,M, l;ω), (15)
where Sαβ(N,M, l;ω) is a partial contribution to the spin
noise of the l-th realization of total spin M in the cluster
of N electrons [cf. with Eq. (5)]:
Sαβ(N,M, l;ω) = 2
1−Npi
N∑
Mz′ ,M ′z′
〈Ψ′l(M,Mz′)|Mˆl,α|Ψ′l(M,M ′z′)〉
× 〈Ψ′l(M,M ′z′)|Mˆl,β |Ψ′l(M,Mz′)〉
×∆
(
ω − El(M,Mz′)− El(M,M
′
z′)
~
)
. (16)
In Eq. (16) the operators Mˆl,α, Mˆl,β change the spin pro-
jection by no more than 1, therefore M ′z′ = Mz′ ,Mz′ ± 1
so that the argument of broadened δ-function can be ω
or ω ± Ω(M,l)eff . Here the averaging over all possible re-
alizations of the nuclear fields acting on the localized
electrons is assumed, whereupon the off-diagonal compo-
nents of Sαβ vanish and the diagonal ones become equal,
Sxx = Syy = Szz ≡ S [15]. Finally, we obtain
S(N,M, l;ω) = 2
1−Npi
9N
M(M + 1)(2M + 1)
{
∆(ω)
+
∫
dΩeffFδM,l(Ωeff) [∆(ω − Ωeff) + ∆(ω + Ωeff)]
}
.
(17)
While deriving Eq. (17), it is taken into account that,
for independent Gaussian distributions of spin preces-
sion frequencies Ωi, their weighted sum (14) is also dis-
tributed according to the Gaussian Eq. (3), with the re-
placement δe → δM,l, where the parameter δM,l is de-
termined by the specific realization of the coefficients
c
(M,l)
i [33]:
δM,l = δe
√∑
i
(
c
(M,l)
i
)2
. (18)
For the total spin M = 0, the spectral function (17) is
identically zero, because the nuclear field does not act on
the singlet state and the mean square of spin fluctuations
in the singlet state is zero.
Equation (17) for the contribution of the l-th realiza-
tion of the total spin M to the spin fluctuation spectrum
of the cluster can be obtained without direct computation
of matrix elements of operators of angular momentum
Mˆl,α, Mˆl,β . It can be done instead by using the method
of Langevin random forces developed in [15] for fluctua-
tion δM of the total spin of the ensemble. According to
Eq. (13) the fluctuation δM satisfies the Bloch equation
dδM
dt
+ δM×Ω(M,l)eff +
δM
τs
= Ξ(t), (19)
whose right-hand side contains a fictitious random force
Ξ(t) with the correlator
〈Ξα(t)Ξβ(t′)〉 = 2
3τs
M(M + 1)δαβδ(t− t′). (20)
Solving Eq. (19) and calculating the correlation functions
〈δMα(t)δMβ(t′)〉 averaged over the distribution of fields
Ω
(M,l)
eff , we arrive at Eq. (17).
IV. APPROXIMATION OF AN ENSEMBLE OF
PAIRS AND SINGLES
The influence of hyperfine and exchange interactions
on spin fluctuation spectrum of localized electrons is most
clearly traced for a pair of closely spaced donors 1 and 2
so that the exchange interaction with other donors can be
neglected: J ≡J12  J1i, J2i (i 6= 1, 2). In this section,
we analyze this particular case.
In the limit of weak exchange interaction (J  ~δe)
electrons can be considered as non-interacting, and the
spin fluctuation spectrum has the form [15] [cf. with
Eq. (17)]:
(δs2z)ω = S(1, 1/2, 1;ω) =
pi
6
{
∆(ω) +
∫
dΩFδe(Ω) [∆(ω − Ω) + ∆(ω + Ω)]
}
.
(21)
The spectrum calculated after this equation is shown by
the dark solid curve in Fig. 1. At ω > 0 it consists of
two peaks, the first of them is centered at ω = 0 and
associated with the fluctuations of spin component par-
allel to the nuclear field, while the second peak, cen-
tered at ω = δe, is related to the spin precession in
the nuclear field, its shape is described by the distri-
bution function of the absolute values of nuclear fields,
Fδe(Ω) = 4piΩ
2Fδe(Ω). Hereafter we consider a realis-
tic case δeτs  1. Note that the spectrum (21) coin-
cides with the first spectral function Sαβ(1, 1/2, 1;ω) in
Eq. (15), since a single (isolated) donor corresponds to
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Figure 1. Spin fluctuation spectrum of a pair of electrons
calculated for different values of the parameter λ ≡J/(~δe) =
0 (solid line), 1/4 (dots), 1/2 (dashed) and in the limit λ→∞
(dot-dashed). Arrows indicate the positions of the peak of
spin noise in the limiting cases of weak (ω = δe) and strong
(ω = δe/
√
2) exchange interaction.
N = 1, the electron spin 1/2 and the single realization
l = 1.
Now we turn to the consideration of the limiting case
of strong exchange interaction in the pair of localized
electrons: J  ~δe. Neglecting the hyperfine interaction,
the states of a pair of electrons are characterized by the
pair’s total spin S = 0 (singlet) or S = 1 (triplet) and
the spin projection Sz on a given axis z. If the splitting
between the singlet and triplet is large, one can neglect
mixing of these states due to the hyperfine interaction
and it suffices to consider the dynamics of the triplet state
with total spin S = 1. The fluctuations of the triplet spin
δS are described by Eq. (19) with the effective nuclear
field
Ωeff =
Ω1 + Ω2
2
. (22)
In accordance with Eq. (18) the dispersion of Ωeff is by
a factor of
√
2 smaller than the dispersion of fields Ω1,
Ω2 acting on the individual electrons. At the same time
the spin noise spectrum per electron is determined by
Eq. (21) with the replacement of Fδe(Ω) by Fδe/√2(Ω).
The spin noise spectrum in this limiting case is shown by
the red dot-dashed line in Fig. 1. One can see from the
figure that the peak at ω = 0 is the same as that obtained
neglecting the exchange interaction, while maximum of
the peak related to the spin precession is shifted to the
frequency δe/
√
2, the peak height is
√
2 times larger, and
its width is respectively
√
2 times smaller. This occurs
due to the effective averaging of nuclear fields caused by
the exchange interaction. The dot-dashed curve in Fig. 1
reveals the spectral function Sαβ(2, 1, 1;ω) in the expan-
sion Eq. (15) of the cluster model.
In the framework of cluster model described above, in
a cluster of two donors the exchange constant J exceeds
the hyperfine splitting ~δe. For two donors one can apply
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Figure 2. Amplitude of the spin fluctuations at zero fre-
quency. The solid curve is a result of numerical calculation
after Eq. (5); dotted, dot-dashed and dashed (in inset) curves
show the asymptotics found using Eqs. (25), (26) and (24),
respectively. The calculations are performed for δeτs = 50.
the general formula (5) and trace the evolution of spin
noise spectrum with the continuous change from zero to
infinity of the parameter λ = J/(~δe) characterizing the
relative strength of the exchange and hyperfine interac-
tions. In addition to the above-mentioned limiting curves
calculated for λ = 0 and λ =∞, Fig. 1 shows the spectra
corresponding to λ = 1/4 and λ = 1/2. Qualitatively the
spectral shape is the same for various values of λ. How-
ever, as λ increases the peak related to the spin precession
shifts towards the lower frequencies. For small values of
λ the spin precession peak is centered at ω = δe, and
in the limiting case of strong exchange interaction the
peak shifts to ω = δe/
√
2. The switching between the
two regimes under changing λ occurs at λ ≈ 0.33. The
transition is quite abrupt so that, for λ = 0.25 and 0.5,
the peak positions take the limiting values. The abrupt
character of the transition confirms the applicability of
cluster model, and the transitional value of λ shows that,
in the inequality (6), the value of A = 1/3 can be con-
sidered as optimal.
Now we will analyze the spin fluctuations at low fre-
quencies, ω . τ−1s , where the spectrum is determined by
spin relaxation processes. One can see from the calcu-
lations presented in Fig. 1 that the exchange interaction
does not lead to disappearance of the peak at zero fre-
quency. This is due to the fact that the projection of the
total spin on the direction of the average nuclear field
Ωeff exhibits no changes with time. Figure 2 shows the
amplitude of the peak at ω = 0 as a function of the ratio
λ = J/~δe. The amplitudes of peak at zero frequency
in the limiting cases J  ~δe and J  ~δe coincide, see
Eq. (21). For λ ≈ 0.5 the spin noise amplitude at zero
frequency reaches a minimum amounting to about 3/4 of
its limiting values.
Analytical expressions for the dependence of (δs2z)ω=0
on the parameter λ in the limiting cases of weak and
6strong exchange interaction can be obtained from the
analysis of temporal dynamics of the two-particle den-
sity matrix ρ(t) of the system at t 1/δe, ~/J satisfying
the equation
dρ(t)
dt
= i[ρ(t),H]− L{ρ(t)}, (23)
where L is a linear operator describing the spin relaxation
with the characteristic time τs. In the case of extremely
weak exchange interaction J  ~/τs ~δe we obtain
(s2z)0 ≈
τs
6
(
1 +
4
(δeτs)2
−
√
pi
8
τsδeλ
2
)
, (24)
where, along with the correction related to the small
parameters λ and Jτs/~, we take into account a small
term proportional to (δeτs)−2 which is independent of
the exchange interaction and originating from nuclear
fields (in the following formulas this term is omitted).
A quadratic reduction of the amplitude of fluctuations
with the increasing constant of exchange interaction is
shown in the inset to Fig. 2. In the intermediate case
when ~/τs  J  ~δe, one may restrict oneself only
by terms of the first order in the exchange interaction
constant,
(s2z)0 ≈
τs
6
(
1−
√
pi
2
λ
)
, (25)
and the amplitude of the peak at zero frequency decreases
linearly with the increasing exchange interaction between
localized electrons, see the dashed line in Fig. 2. In the
opposite limit of J  ~δe we have the inverse square
dependence of spin fluctuations amplitude on λ:
(s2z)0 ≈
τs
6
[
1−
(
3
4λ
)2]
, (26)
in agreement with numerical calculation (dot-dashed line
in Fig. 2).
We conclude this section by a brief analysis of the role
of spin-orbit interaction. Allowance for this interaction
leads to an anisotropy of the exchange interaction in a
pair of localized electrons which is now described by a
tensor of exchange constants as follows
Jαβij sˆi,αsˆj,β . (27)
The precise form of tensor Jαβij is determined by the sym-
metry of the system and the mechanism of spin-orbit in-
teraction. Allowance for cubic in the wave vector terms in
the effective Hamiltonian of a free electron (Dresselhaus
effect) [20] gives rise to the relation between the com-
ponents of Jαβij which allows one to rewrite Eq. (27) as
Jij sˆ
′
isˆ
′
j , where the operators sˆ′i and sˆ′j are connected with
sˆi and sˆj by a unitary transformation, and the constants
Jij are again described by Eq. (2). The singlet-triplet
structure of states of the pair of electrons remains the
same as in the absence of spin-orbit interaction. Neglect-
ing the mixing of conduction and valence bands states,
one can describe the spin noise spectrum of a pair of elec-
trons averaged over the nuclear fields disregarding the
spin-orbit coupling because the unitary transformation
of the terms Ωisˆi leads only to a variation of the direc-
tion of the pseudovector Ωi. However, allowance for the
spin-dependent mixing of valence band states in the Kane
model completely lifts the degeneracy of the spin states
of the pair of electrons [34].
V. BEYOND THE APPROXIMATION OF PAIRS
Next we consider clusters with the number of donors
N > 2. An abrupt transition at λ ≈ 0.33 between the
limiting cases of weak and strong exchange interaction
shown in Fig. 1 permits one to set A = 1/3 in Eq. (6). For
the calculation of the spin noise spectrum it is necessary
to determine the half-widths δM,l introduced in Eq. (18)
which characterize the dispersion of nuclear fields acting
on the l-th realization of the total spinM in the cluster of
N donors. For three donors, the exchange interaction be-
tween electrons splits the eight-fold degenerate state into
two sublevels l = 1, 2 with M = 1/2 and one sublevel
with M = 3/2. The corresponding parameters δ1/2,l for
l = 1 and 2 are equal and the three half-widths δM,l are
determined by the total electron spin: δM,l = δe/
√
2M ,
independent of the relation between exchange interaction
constants J12, J23 and J31. Moreover, the model calcu-
lation based on the general expression (5) in the case of
three electrons shows that even for J12, J23, J31 ≈ ~δe
the fluctuation spectrum is close to that obtained from
Eqs. (15), (17) in the cluster model: the difference in
vicinity of the peak related to the spin precession reaches
no more than 30%. Partial contributions to the spin noise
spectrum from donor singles, pairs and triples calculated
after Eq. (17) are shown in Fig. 3(a) by solid, dot-dashed
and dotted curves, respectively.
The situation for clusters with N > 4 is more compli-
cated, and the parameters δM,l depend on the relation
between the exchange interaction constants. For exam-
ple, for four donors in the cluster, there are three dif-
ferent realization l = 1, 2, 3 of the total spin M = 1,
a single realization with M = 2, as well as two re-
alizations with M = 0 (not contributing to the spin
noise). If the exchange interaction in two pairs of the
four dominates over interaction between the pairs, so that
J12, J34  J13, J14, J23, J24, then the relations δ1,1 =
δ1,2 = δe/
√
2 and δ1,3 = δe/2 are valid. On the other
hand, if J12  J13, J23  J14, J24, J34, then δ1,1 and δ1,2
remain unchanged whereas δ1,3 = δe
√
7/12. For these
two particular cases, the corresponding spin noise spectra
are shown with short- and long-dashed lines in Fig. 3(a).
The difference between them does not exceed 10%.
Figure 3(b) presents the spin noise spectra of an ensem-
ble of randomly distributed donors calculated in the clus-
ter model. The values of P(N) for N > 2 are calculated
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Figure 3. (a) The spin noise spectrum, normalized per elec-
tron, in a cluster of N donors. The curves marked with N = 4
and N = 4′ (short and long dashes) differ by the relation be-
tween the exchange interaction constants, see text for details.
(b) Spin noise spectrum, normalized per electron, calculated
in the cluster model for an ensemble of randomly distributed
donors. Blue/dashed curve is obtained neglecting the ex-
change interaction and corresponds to a system of isolated
donors. The calculations are performed for τsδe = 100.
by means of the Monte Carlo method. To simplify the
calculation, we assumed that all realizations of the same
total spin M experience the characteristic nuclear field
δM,l = δe/
√
2M . At low donor densities, where η = 0.01
(solid curve), most clusters consist of single donors and
the spin noise spectrum in fact coincides with that found
from Eq. (21) for isolated centers (curve shown by blue
dots). With the increase in donor concentration the spin
fluctuation noise is determined by clusters of increasing
size. Therefore, the peak related to the spin precession
in the nuclear field shifts towards the lower frequencies
and somewhat narrows down.
As noted above, at a sufficiently high concentration
of donors where the dimensionless parameter η reaches
the value of 0.34, an infinite cluster of electrons intercon-
nected by the strong exchange interaction appears in the
system. In this case the model presented above is inappli-
cable, and the spin dynamics and spin fluctuations can be
determined by an interference of spin-orbit and exchange
interactions [20]. Moreover, if the probe beam spot area
S on the sample surface is small enough, S . 10 µm, then
the shape of the spin noise spectrum can vary with the
changing position of the illumination spot on the sample
depending on whether the spot captures the clusters with
large number of donors or not. Besides, the exchange in-
teraction between electrons in the cluster can give rise to
rather efficient spin diffusion from the illumination spot
and the restriction imposed on the time τs . S/D. Here,
D ∼ n−2/3d 〈J〉/~ is the spin diffusion coefficient, 〈J〉 is the
exchange constant “averaged” over the cluster. For exam-
ple, for nd = 1016 cm−3 and S = 10 µm2 the spin diffu-
sion coefficient is D ≈ 1.5 cm2/s and S/D ∼ 7 × 10−8 s
which is comparable to the spin relaxation time caused
by spin-orbit interaction [20].
In the above we have discussed the fluctuations of to-
tal spin S of an ensemble of localized electrons. The
exchange interaction between electrons in the absence of
nuclear fields (Ωi = 0) does not lead to a loss of the to-
tal spin of the ensemble but results in the peculiarities
of spin dynamics of a single electron, which determines,
e.g., a slow dynamics of nuclear spins [35]. In particular,
for a pair of electrons with Ω1 = Ω2 = 0 the asymptotic
behavior of correlation functions 〈si,α(t+τ)sj,β(t)〉 in the
limit τ → ∞ turns out to be similar in the two limiting
cases: in the absence of exchange interaction (J12 = 0):
〈si,α(t+ τ)sj,β(t)〉 = 1
4
δijδαβe
−τ/τs (τ  τs), (28a)
and in the presence of exchange interaction J12  ~/τs:
〈si,α(t+ τ)sj,β(t)〉 = 1
8
δαβe
−τ/τs (τ  τs). (28b)
The difference in prefactors can be explained if we take
into account that the exchange interaction suppresses
spin correlations of an individual electron and leads to
an appearance of correlation between spins of different
carriers. A similar behavior also takes place for clus-
ters with larger numbers of electrons N : due to the
exchange interaction the spin is redistributed among
all the electrons and, in the absence of nuclear fields,
〈si,α(t + τ)si,β(t)〉≈ δαβ exp (−τ/τs)/(4N). This effect
is analogous to the influence of inter-electron interaction
on the distribution function of a gas of free carriers: the
electron-electron collisions conserve the total momentum
of the gas but (i) result in the loss of momentum of an
individual electron and (ii) lead to correlations of elec-
tron momenta after collision [25]. Features of tempo-
ral dynamics of the spin correlation function of an elec-
tron localized on a given center, with allowance for both
the hyperfine interaction and exchange interaction with
other electrons, can be analyzed using methods developed
in [36, 37] and require a separate study. Nevertheless, one
can argue that, in the clusters with Jij  ~δe, the char-
acteristic correlation time of the spin of a single electron
has the order of ~/〈J〉.
8VI. CONCLUSION
In the present work we have developed a theory of
the spin fluctuations of localized electrons taking into ac-
count both the hyperfine interaction with lattice nuclei
and the exchange interaction between localized charge
carriers. The specific case of electrons localized on donors
in an n-type bulk semiconductor at low temperatures has
been considered. The system has got three independent
sources of randomness: (i) the random character of spin-
flips during the spin relaxation described by the time τs,
(ii) the random scatter of the three-dimensional vector of
nuclear field acting on an electron localized on the i-th
donor and, finally, (iii) the random distribution of donor
centers in the sample which leads to a spread of exchange
interaction constants. It has been shown that the spin
noise spectrum of an ensemble of localized electrons has
two peaks: the peak at ω = 0 originates from fluctua-
tions of the component of the total spin in the cluster
of donors directed parallel to the total nuclear field, and
the peak at ω > 0 arises due to the precession of elec-
tron spins in the nuclear fields. The exact shape and
position of this peak depend on the magnitude of nuclear
fluctuations and strength of exchange interaction. With
the increasing density of localization centers, the peak
related to the spin precession narrows down and shifts
toward the lower frequencies.
Modification of the spin noise spectrum with the ap-
plication of an external magnetic field B can be con-
sidered similarly to the approach of Ref. [15] developed
for isolated spins 1/2. The external field is added to
the nuclear field and changes statistics of fluctuations of
the total field acting on the spin of localized electron. If
these fields have the comparable order of magnitude and,
by definition of a cluster, are small compared to the ex-
change interaction in the cluster, one can neglect their
influence on the splitting between the states with differ-
ent values of M and l and, as before, consider the con-
tribution of each multiplet to spin noise independently
taking into account the splitting of its components in the
first order of perturbation theory.
The authors are grateful to M.V. Feigel’man for useful
discussions.
This work is partially supported by RFBR, the
grant of the President of the Russian Federation NS-
5442.2012.2, the Ministry of Education and Science (con-
tract 11.G34.31.0067 with St. Petersburg State Univer-
sity and the leading scientist A.V. Kavokin), the Dynasty
Foundation-ICFPM, and the EU grant SPANGL4Q.
[1] E. B. Aleksandrov, V. S. Zapasskii, JETP 81, 54 (1981).
[2] S. A. Crooker, D. G. Rickel, A. V. Balatsky, D. L. Smith,
Nature 431, 49 (2004).
[3] M. Oestreich, M. Ro¨mer, R. J. Haug, D. Ha¨gele, Phys.
Rev. Lett. 95, 216603 (2005).
[4] G. M. Mu¨ller, M. Ro¨mer, D. Schuh, W. Wegscheider,
J. Hu¨bner, M. Oestreich, Phys. Rev. Lett. 101, 206601
(2008).
[5] S. A. Crooker, L. Cheng, D. L. Smith, Phys. Rev. B 79,
035208 (2009).
[6] S. A. Crooker, J. Brandt, C. Sandfort, A. Greilich, D. R.
Yakovlev, D. Reuter, A. D. Wieck, M. Bayer, Phys. Rev.
Lett. 104, 036601 (2010).
[7] Y. Li, N. Sinitsyn, D. L. Smith, D. Reuter, A. D. Wieck,
D. R. Yakovlev, M. Bayer, S. A. Crooker, Phys. Rev.
Lett. 108, 186603 (2012).
[8] R. Dahbashi, J. Hu¨bner, F. Berski, J. Wiegand, X. Marie,
K. Pierz, H. W. Schumacher, M. Oestreich, Appl. Phys.
Lett. 100, 031906 (2012).
[9] V. S. Zapasskii, A. Greilich, S. A. Crooker, Y. Li,
G. G. Kozlov, D. R. Yakovlev, D. Reuter, A. D. Wieck,
M. Bayer, Phys. Rev. Lett. 110, 176601 (2013).
[10] G. M. Mueller, M. Oestreich, M. Roemer, J. Huebner,
Physica E 43, 569 (2010).
[11] E. B. Aleksandrov, V. S. Zapasskii, J. Phys.: Conf. Ser.
324, 012002 (2011).
[12] D. J. Reilly, J. M. Taylor, E. A. Laird, J. R. Petta, C. M.
Marcus, M. P. Hanson, A. C. Gossard, Phys. Rev. Lett.
101, 236803 (2008).
[13] C. P. Moca, I. Weymann, G. Zara´nd, Phys. Rev. B 81,
241305 (2010).
[14] C. P. Moca, I. Weymann, G. Zarand, Phys. Rev. B 84,
235441 (2011).
[15] M. M. Glazov, E. L. Ivchenko, Phys. Rev. B 86, 115308
(2012).
[16] M. Ro¨mer, H. Bernien, G. Mu¨ller, D. Schuh, J. Hu¨bner,
M. Oestreich, Phys. Rev. B 81, 075216 (2010).
[17] R. I. Dzhioev, B. P. Zakharchenya, V. L. Korenev, M. N.
Stepanova, Phys. Solid State 39, 1765 (1997).
[18] J. M. Kikkawa, D. D. Awschalom, Phys. Rev. Lett. 80,
4313 (1998).
[19] R. I. Dzhioev, K. Kavokin, V. Korenev, M. Lazarev, B. Y.
Meltser, M. N. Stepanova, B. P. Zakharchenya, D. Gam-
mon, D. S. Katzer, Phys. Rev. B 66, 245204 (2002).
[20] K. V. Kavokin, Semicond. Sci. Technol. 23, 114009
(2008).
[21] L. P. Gor’kov, L. P. Pitaevski, Proc. of the USSR Acad.
Sci. 151, 822 (1963).
[22] C. Herring, M. Flicker, Phys. Rev. 134, A362 (1964).
[23] R. I. Dzhioev, V. L. Korenev, I. A. Merkulov, B. P. Za-
kharchenya, D. Gammon, A. L. Efros, D. S. Katzer, Phys.
Rev. Lett. 88, 256801 (2002).
[24] E. L. Ivchenko, Sov. Phys. Semicond. 7, 1489 (1973).
[25] S. Gantsevich, V. Gurevich, R. Katilius, Riv. Nuovo Ci-
mento 2, 1 (1979).
[26] L. D. Landau, E. M. Lifshitz, Statistical Physics, Part
1, Course of Theoretical Physics Vol. 5 (Butterworth-
Heinemann, Oxford, 2000).
[27] B. Mihaila, S. A. Crooker, D. G. Rickel, K. B. Blagoev,
P. B. Littlewood, D. L. Smith, Phys. Rev. A 74, 043819
(2006).
[28] B. I. Shklovskii, A. L. Efros. Electronic Properties of
Doped Semiconductors (Springer-Verlag, Berlin, 1984).
[29] I. Zvyagin, AC Hopping Transport in Disordered Mate-
9rials, in Charge Transport in Disordered Solids with Ap-
plications in Electronics, Ed. S. Baranovski, John Wiley,
Sons (2006); H. Bottger, V. V. Bryksin, G. Yu. Yashin,
J. Phys. C 12, 2797 (1979); H. Bottger, V. V. Bryksin,
G. Yu. Yashin, J. Phys. C 12, 3951 (1979)
[30] U.F. Edgal, J.D. Wiley, Phys. Rev. B 27, 4997 (1983).
[31] C. D. Lorenz, R. M. Ziff, J. Chem. Phys. 114, 3659
(2001).
[32] L. D. Landau, E. M. Lifshitz. Quantum Mechanics: Non-
Relativistic Theory, Course of Theoretical Physics Vol. 3
(Butterworth-Heinemann, Oxford, 1977).
[33] W. Feller. Introduction to Probability Theory and Its Ap-
plication (John Wiley & Sons, Inc., 1968).
[34] M. M. Glazov, V. D. Kulakovskii, Phys. Rev. B 79,
195305 (2009).
[35] I. A. Merkulov, G. Alvarez, D. R. Yakovlev, T. C.
Schulthess, Phys. Rev. B 81, 115107 (2010).
[36] M. V. Feigel’man, L. B. Ioffe, M. Me´zard, Phys. Rev. B
82, 184534 (2010).
[37] E. Cuevas, M. Feigel’man, L. Ioffe, M. Mezard, Nat.
Commun. 3, 1128 (2012).
